The fermionic Z-portal dark matter model suffers from severe constraints from direct detection experiments. However, a narrow parameter space around the Z-funnel region is beyond the reach due to the resonance annihilation. In this paper, we provide an intriguing collider prospect for probing the Z-funnel dark matter mass range at the future lepton colliders including the beam polarization feature. We have done a comprehensive analysis for mono-photon signal at the colliders for such a dark matter. A realistic estimation for the 90% C.L. constraints with the systematic beam uncertainties has also been provided.
Introduction
The discovery of the Higgs boson at the Large Hadron Collider (LHC) experiment completes the quest for the Standard Model (SM) [1, 2] . This, however, leads us to embark on the era of Higgs precision with the help of future colliders. In this regard, future lepton colliders, e.g., the International Linear Collider (ILC) [3] , would be one of the best ventures to find out possible signatures of beyond the SM (BSM) physics. On the other hand, among various inadequacies of the SM, the absence of a valid Dark Matter (DM) candidate turns out to be crucial in the present situation for several reasons as follows. Most of the popular BSM theories proposed over the past few decades, such as supersymmetry, extra dimensions and composite Higgs, have been primarily advocated for as solutions to the electroweak hierarchy problem. However, the absence of any sign of new particles at the LHC experiments so far makes it difficult to give quantitative predictions for the new physics scale. Despite this, the Higgs precision data could give some indirect hint, as it is also possible that the new physics can yield a SM-like Higgs. Meanwhile, the DM abundance is precisely measured from observational evidence and the theoretical calculation of the DM abundance is usually reliable. Therefore, the DM will be the most concrete guiding principle for particle physics and hence, in the future endeavour of particle physics phenomenology, search for DM signatures at the future colliders would be one of the best bets.
Among many candidates for DM, the weakly interacting massive particles (WIMPs) are the most well-motivated. Specifically, WIMPs with a mass of the order of the electroweak scale have been studied intensively, since such a WIMP can alleviate the naturalness problem of the electroweak scale. The observed relic abundance for such a WIMP with a mass between (1) MeV [4, 5] and (100) TeV [6] [7] [8] [9] [10] [11] [12] [13] can be realized via the standard thermal freeze-out mechanism [14, 15] . In the freeze-out scenario, the DM abundance is strongly related to the annihilation rate of WIMPs in the early Universe with the relic density being approximately proportional to the inverse of the annihilation rate. As a consequence, negligible interaction between the DM and the SM particles leads to too large DM relic abundance and conflicts with the current observation. Thus, for this mechanism to work, the DM should have sufficiently large interaction with the SM particles. One can further advantageously probe the WIMP in the collider, direct and indirect detection experiments due to the interactions.
There are, however, several exceptional cases where the interaction between the WIMP and the SM particles need not be necessarily as large [16] . For example, if the DM annihilation takes place near the pole mass of a mediator particle or in particular near the pole in the cross section, the annihilation rate is drastically enhanced. In such a case, the coupling between the WIMP and the SM particles can be adequately small and can even account for the correct DM abundance observed today. Consequently, the experimental signatures for the DM detection become weaker. Such an example is when the WIMP mass is half of the Higgs boson mass (H-funnel region) [17] or the Z boson mass (Z-funnel region).
In this paper, we will focus on an SM gauge singlet Majorana fermion DM (χ) in the Z-portal scenario [18] , where the DM couples solely to the Z boson. In this model, there are only two parameters: the DM mass (m χ ) and the coupling constant with the Z boson (g χχ Z ). The observed DM abundance and the constraints from the DM spin-dependent direct detection experiments have already excluded most of the parameter space, except for the Z-funnel region: m χ m Z /2. In the Z-funnel region, the coupling between the DM and Z boson can be small to explain the DM abundance in the present universe, and accordingly the constraints of the DM direct detection experiments are still weak. We will study the prospects of probing this Z-funnel DM region at the future lepton colliders.
The rest of the paper is organized as follows. In Section 2, we briefly discuss the framework of the effective Lagrangian for the SM gauge singlet Majorana fermionic WIMP in order to introduce the Z-portal DM. We discuss the relic abundance condition and the current constraints from the DM (in)direct detection experiments. In Section 3, we study the search of the DM at lepton colliders. There are several approaches to see the DM signal at lepton colliders. We discuss the mono-photon search, the invisible Z decay width measurement, and the electroweak precision measurement to see the virtual loop effects form the DM. We pay more attention to the future prospect for the mono-photon search, including the beam and detector effects, and show our result in Section 4.
The Z-portal DM model and its Cosmology

Lagrangian
We focus on a Majorana fermionic WIMP DM that is singlet under the SM gauge group. To make the WIMP stable, we impose the discrete Z 2 symmetry under which the WIMP is odd and all the SM particles are even. In this case, the WIMP cannot have any renormalizable couplings to the SM particles due to these symmetries. In order to introduce the interaction between the WIMP and the SM particles, we need an additional mediator particle. Physics of the WIMP strongly depends on the nature of the mediator particle. If the mediator mass is large enough than the WIMP mass and the electroweak (EW) scale, the WIMP physics can be simplified and can be described by an effective Lagrangian with the cutoff scale Λ as long as we discuss the dynamics of the WIMP at an energy scale sufficiently lower than Λ:
where χ is the WIMP Majorana fermion field with m χ being its mass, and SM is the SM Lagrangian. Interactions between the WIMP and SM particles are described by higher dimensional operators in 5 , 6 and ≥7 , which involve operators of dimension five, six, and seven or higher, respectively, which are suppressed by Λ [19] . The above effective Lagrangian is expected to be obtained by integrating out the mediator field from an appropriate original renormalizable theory, and hence Λ represents a typical mass scale of the mediator.
We focus on the Z-portal DM, where the DM interacts with the SM particles through the Z boson and the other interactions are suppressed [18] . A concrete example of the UV theory of the Z-portal DM is the neutralino DM in the "blind spot" [20] . With an appropriate choice of the neutralino mixing parameters, the dimension-five and dimension-six four-Fermi operators can be suppressed. The neutralino DM in the Z-funnel region can explain the correct DM abundance, while experimental tests are rather difficult [21] . We adopt, instead, a model-independent approach to search the DM signal at the future lepton colliders.
As we assume that the DM is the singlet Majorana WIMP, its interaction with the Z boson originates from a dimension-six operator, instead of a gauge interaction, as:
where H is the SM Higgs doublet field and D µ is the covariant derivative acting on the Higgs field [22] . By taking the unitary gauge H = (0, v + h) T / 2 with v 246 GeV being the vacuum expectation value of the Higgs doublet field and h being the physical Higgs particle after the EW symmetry breaking, this operator is expanded as follows:
where Z is the Z boson field, g D is a dimensionless coupling, and g Z ≡ g/ cos θ W with g and θ W being the SU(2) L gauge coupling constant and the weak mixing angle, respectively. The last three interactions on the right-hand side of the equation play negligible roles compared to the first one in the Z-funnel region, namely m χ ∼ m Z /2 with m Z being the mass of the Z boson. Hence, we adopt the following simplified model for the Z-funnel WIMP DM:
The dimensionless coupling constant g χχ Z is given by
, so that its range is expected to be g χχ Z 0.02 (1 TeV/Λ) 2 . Here, we assume that the underlying model behind eq. (3) is weakly coupled, namely, g D 1. It is also worth pointing out here that the above simplified model involves two undetermined parameters m χ and g χχ Z , so that all the results of our discussion can be cast onto the plane spanned by the two parameters.
Relic abundance condition
In the early universe, the WIMP is in the thermal and chemical equilibrium with the thermal bath which is composed of the SM particles, and decoupled from the bath when the temperature of the universe becomes as low as T f ∼ m χ /20 [23] . The decoupled WIMP contributes to the DM density in the present universe, which is called the thermal contribution. The WIMP interacts with the SM particles through the Z boson in the simplified model, so that the contribution can be estimated by solving the Boltzmann equation implementing this interaction. Then, if the thermal contribution explains the entire DM density observed today, it gives the relation between the DM mass m χ and the coupling constant g χχ Z , which is shown in Fig. 1 . The uncertainty of the relation at 95 % C.L. from the observation [24] and the massless degrees of freedom in the Boltzmann equation [25] are also shown in the figure.
When the coupling constant g χχ Z takes a value below the red line in the figure, the contribution exceeds the observed DM density. Thus, the region below the line is not attractive from the viewpoint of cosmology. #1 On the other hand, if the coupling constant takes a value above the line, we can consider the following two scenarios. One scenario is that a non-thermal contribution of χ exists in addition to the thermal one, and the sum of the contributions gives the correct DM density observed today. Such a scenario is realized if a very weakly interacting particle such as the gravitino exists in the early universe, which decays into the WIMP in the late time universe, and contributes to the DM density today. The other scenario is that the WIMP contributes to only a part of the DM density of the present universe, and the rest is composed of something different (e.g. Axion). We consider three scenarios in this paper: (i) The entire DM density observed today comes solely from #1 The region below the line could be consistent with the observation if, for example, the entropy of the universe is sufficiently increased by an adequate injection at the late universe. We do not consider such cases. the thermal contribution of χ. (ii) The density comes from both thermal and non-thermal contributions of χ. (iii) χ composes a part of the density through the thermal contribution. We hence focus on the region above the line in the following discussions.
Constraints from the direct DM detection
The direct detection of the scattering between the DM and a nucleon mediated by the Z boson gives the most promising signature of the Z-portal DM scenario. Since the Majorana fermionic DM cannot have a vector but have an axial-vector interaction with a nucleon, the scattering takes place in a spin-dependent way and the corresponding cross section is severely constrained by the negative results at various underground experiments. The spindependent scattering cross section between the DM and a proton (neutron) is given by
where µ χ p (n) is the reduced mass between the DM and a proton (neutron), while a p (n) is the scattering amplitude. A concrete expression of the amplitude is given by the formula:
Here, ∆
is a spin nucleon parameter, and we use the default values (∆
.085) adopted in the MicrOMEGAs code [26, 27] . When the DM is much heavier than the nucleon, the cross section is approximately given by
At present, XENON1T [28] and PICO-60 [29] experiments give the strongest constraints on the present Z-portal WIMP model. In particular, when the DM mass is greater than 10 GeV, the XENON1T experiment put a severer constraint than the PICO-60 experiment.
When we put a constraint on WIMP DM models by the direct DM detection experiments, we often assume that all the DM is composed of a single species of the WIMP. However, it is not always true and depends on a cosmological scenario behind it. The above assumption is valid when we take the scenario (i) or (ii) in section 2.2, while, when we take the scenario (iii), the direct DM detection constraint should not be applied for σ p (n) but be applied for
where Ω th h 2 is the thermal contribution of the Z-portal WIMP to the abundance, while Ω obs h 2 0.120 [24] is the DM abundance observed today. Since the thermal contribution Ω th h 2 is inversely proportional to the annihilation cross section to a good approximation,
is almost independent of the coupling g χχ Z . Thus, the direct DM detection constrains the DM regardless of the value of g χχ Z . It turns out that the preset constrain on σ
excludes the region of m χ 42 GeV and m χ 46 GeV, and the Z-funnel region is not constrained yet. Future LZ [30] and PICO-500 [31] experiments will cover the entire parameter region of Ω th h 2 ≤ Ω obs h 2 .
Constraints from the indirect DM detection
Let us briefly discuss the cosmic ray signatures from the DM annihilation now. It is to be noted that being a Majorana fermion, the DM candidate in our Z-portal model has a significantly suppressed annihilation rate in the present Universe. The DM annihilation will take place through s-wave and/or p-wave modes. Between these two possibilities, the s-wave annihilation rate of the DM is suppressed by factors of m f /m χ while, the p-wave annihilation rate is suppressed by the relative velocity of the DM v 2 rel . In the s-wave case, the Breit-Wigner enhancement of the DM annihilation will not work. Consequently, unlike the p-wave annihilation case, the velocity averaged DM annihilation rate becomes negligibly small. Quantitatively, the velocity averaged DM annihilation rate is around (10 −27 cm 3 /s) at least below one order of magnitude compared to the annihilation cross-section limit put by the Fermi-LAT dwarf spheroidal galaxy searches [32] #2 . In passing, we would like to mention that the small propagator width effect may play a role in the Z-funnel mass region and the p-wave annihilation becomes dominant. However, due to the low relative DM velocity ( (10 −3 c)) in the present galactic objects, the p-wave annihilation is also strongly suppressed and even lower than the s-wave contribution for m χ ∼ M Z /2. Hence, there is no significant constraint on this model from the cosmic-ray observation. following sections. We also discuss the role of the electroweak precision measurement for the WIMP. Finally, we address the present constraint on the WIMP obtained by the LEP/LHC experiments, which will be also compared with the prediction of the future lepton colliders in the following sections.
Mono-photon search
Signal and background processes
Since DM cannot be directly captured by collider detectors, we search for it indirectly through, for instance, the observation of a recoiled SM particle against the DM pair production. Among various channels to search for the DM, the mono-photon process (e − e + → χχγ) is known to be one of the most efficient channels at the lepton colliders. The mono-photon signal in the framework of the simplified model in eq. (4) is from Feynman diagrams shown in Fig. 2 (the top-left diagram) , where the photon line which is not directly touched onto other lines means that it can be from either initial electron or positron line.
On the other hand, there are several SM processes contributing to the mono-photon channel as backgrounds against the signal. One of such backgrounds is an irreducible one coming from the neutrino pair production associated with a photon (e − e + → νν γ), whose diagrams are also shown in Fig. 2 . The Bhabha scattering process with a photon emission (e − e + → e − e + γ) can also be a background if both electron and positron at the final state go to the beam pipe direction. This background is, fortunately, reduced efficiently by considering only events with a large photon transverse momentum in the analysis. Other possible backgrounds come from the neutrino pair production associated with more than one photon (e − e + → νν γs). These contributions can be taken into account as the effect of the initial state radiation, as will be discussed in the next section. Finally, multi photon productions from the e − e + annihilation (e − e + → γs) can be backgrounds if some photons in the final state are failed to be detected, though these are not significant compared to the irreducible one under an appropriate event selection [33] . We therefore only consider the irreducible background as the one against the mono-photon signal.
Optimizing the center-of-mass energy and polarizations
An important question here is how the signal can be distinguished from the background by observing only one photon. The photon is characterized by two quantities; its energy (E γ ) and the scattering angle (cos θ γ ). Hence, the quantitative question is on the differential cross sections for the signal and the background processes on the plane spanned by the two quantities. Since both the cross sections do not have a characteristic feature on the cos θ γ dependence, we focus on the E γ dependence of the cross sections. The cross section at each energy bin, dσ/d E γ , which is obtained by integrating the differential cross sections over the range of | cos θ | ≤ 0.98, is shown in Fig. 3 , where those of the irreducible background (BG), the signal with m χ = 40 GeV and the signal with m χ = 50 GeV, with the coupling g χχ Z being fixed to be one, are depicted as blue, orange and green lines, respectively, for several choices of the center-of-mass energy ( s) and polarizations (P e ). #3 The figure shows that the signal-to-background ratio depends considerably on the choice of s and P e , so that it is important to optimize these two values in order to search for the WIMP efficiently.
In order to quantify this efficiency, we consider the significance of the signal event using the likelihood analysis with the so-called ∆χ 2 value defined by the following formula:
where N i is the expected number of the events of the signal plus the SM background at the 'i'-th energy bin with the bin-width of 1 GeV. We consider the range of E γ ≥ 10 GeV and | cos θ γ | ≤ 0.98 to compute N i s, which validates ignoring other backgrounds in our analysis as mentioned above. The expected number of the background event is denoted by N BG i , #3 P e − = ±0.8 means 90 % (10 %) of the incident electron is right-handed and the rest 10 % (90 %) is lefthanded, while P e + = ∓0.3 means 65 % (35 %) of the incident positron is right-handed and the rest 35 % (65 %) is left-handed. Note that P e − = ±0.8 and P e + = ∓0.3 are maximal polarizations that ILC can achieve [3] . which is computed in the same manner. In the left panel of Fig. 4 , the value of ∆χ 2 is shown for several choices of the polarizations, (P e − , P e + ) = (0, 0), (0.8, -0.3) and (-0.8, 0.3), where the center-of-mass energy is fixed so that it gives the maximal ∆χ 2 value at each DM mass. Here, the coupling constant and luminosity are fixed to be g χχ Z = 0.1 and 2 ab −1 , respectively.
#4
The figure shows that the right-handed beam polarization is more efficient than the lefthanded one to search for the signal when m χ m Z /2, as background events originating in the weak interaction are suppressed. On the other hand, the left-handed beam polarization becomes more efficient when m χ m Z /2, because the same on-shell Z production process in Fig. 2 dominates for both signal and background, and their cross sections become maximal when the beam polarization is left-handed. We hence adopt the left-handed polarization, (P e − , P e + ) = (-0.8, 0.3), for m χ ≤ 44 GeV and the right-handed one, (P e − , P e + ) = (0.8, -0.3), for m χ ≥ 44 GeV, with the center-of-mass energy being fixed so that ∆χ 2 becomes maximal. This setup is summarized in the right-panel of Fig. 4 as a function of the WIMP mass.
Invisible Z decay
When the DM mass m χ is less than m Z /2, the Z boson can decay into a pair of DMs in addition to ordinary decay channels into SM particles. Hence, it is possible to search for the DM by observing the invisible decay width of the Z boson. In the framework of the simplified model (4), the new physics contribution to the width is predicted as follows:
The SM process, namely the Z boson decay into a neutrino pair, also contributes to the invisible decay width, which is proportional to the number of the neutrino flavors N ν . #4 Since the new physics contribution to the Z boson decay width (the Z decay into the DM pair) is negligible whenever g χχ Z is small, the value of ∆χ 2 is simply proportional to g 4 χχ Z to a good approximation.
On the other hand, the invisible decay width of the Z boson is experimentally determined by comparing the total decay width and observable partial decay widths of the Z boson. At present, the invisible decay width is observed to be Γ (Z) inv = 499.0 ± 1.5 MeV at the LEP experiment [34] , which is translated to a constraint on the new physics contribution to the invisible decay width as Γ (Z → χχ) ≤ 1.5 MeV, or in other words, ∆N ν ≤ 8 × 10 −3 with ∆N ν being the new physics contribution to the number of the neutrino flavors [35] .
The precision of the width measurement can be improved at the future lepton colliders. For instance, the Circular Electron Positron Collider (CEPC) experiment has a potential to determine the width very precisely due to the nature of a circular collider; it will accumulate more data of the Z boson than ILC. Assuming that the expected sensitivity of the CEPC experiment is the same as the TLEP experiment [36] , the constraint will be updated to be Γ (Z → χχ) ≤ 0.01 MeV (or in other words, ∆N ν ≤ 6×10 −5 ), if no new physics contribution is observed, where only the statistical uncertainty is involved to obtain the constraint. In reality, the systematic uncertainty will dominate the statistical one, and the expected constraint becomes weaker but still as strong as Γ (Z → χχ) ≤ 0.1 MeV (or in other words, ∆N ν ≤ 6 × 10 −4 ).
Electroweak precision measurements
Here, we discuss the indirect probe of the Z-portal WIMP model with the electroweak precision observable (EWPO). As already mentioned in section 2.1, the coupling between the WIMP and the Z-boson comes from some heavy mediator particles. The effective interaction after integrating out of the mediator can be represented by the dimension-six operator in eq. (2). On the other hand, the mediator particle can also generate other operators in general, which are composed only of SM fields. For instance, the dimension-six Lagrangian 6 after integrating the mediator out, could include an effective interaction
This interaction, however, contributes to the EWPO and is significantly constrained indeed. This effect is parametrized by the so-called oblique parameters, namely S, T, U parameters [37] . The contribution to the T -parameter [38] from the operator in eq. (11) is
The present constraint on the T -parameter indicates that |Λ/ |c H || 6 TeV is already excluded at 95 % C.L. [39] . Therefore the coupling between WIMP and Z boson has the upper-
. We may expect c H = (1) and g D = (1) if both effective interactions (3) and (11) come from the mediator at tree level. In such a case, the EWPO constraint has a tension with the thermal relic abundance, as g χχ Z 10
−3
is required for Ω th h 2 ≤ Ω obs h 2 . We need small c H for the relic abundance and the EWPO to be consistent. A way out of this tension is that we may forbid the tree-level effective interaction which contribute to the EWPO. This condition can be satisfied if the mediator is also a Z 2 odd particle, as in the case of the supersymmetric bino-Higgsino mixed DM.
There is, however, a loop level contribution to the effective interaction. In fact, though the operator in eq. (2) does not contribute to the EWPO, the loop diagram induced from the operator can generate the interaction in eq. (11) . This loop diagram is quadratically divergent and the loop-induced Wilson coefficient is therefore estimated as follows:
where the Λ UV is the cut-off of the momentum integration. This loop-induced Wilson coefficient is again constrained by the EWPO. By taking Λ UV ∼ Λ, we may get the constraint |Λ/g D | 500 GeV. In terms of the coupling between WIMP and the Z-boson, the constraint is translated into g χχ Z 0.1, which is now consistent with the WIMP relic density. Now let us discuss the future prospect for the indirect probe of the Z-portal DM models with the EWPO. The precision measurement at the future lepton colliders can improve the determination of the oblique parameters by an order of magnitude [40] . This prospect indicates that, for the Z-portal WIMP model without tree-level EWPO-related operators, the parameter region g χχ Z 0.01 can be indirectly tested with the EWPO. This sensitivity can be better than the direct WIMP search at the future lepton colliders, which we will discuss in the next section. Note that although the EWPO-related effective interactions are naturally generated, the precise values of the Wilson coefficients are strongly model-dependent.
We will discuss in the following sections how one can further put a limit on the effective new physics coupling g χχ Z from the WIMP direct production at collider experiments.
Constraints from the LEP experiment
It is also important to discuss the constraint on the fermionic Z-portal WIMP DM obtained by the LEP experiment and compare it with the sensitivity of the future lepton colliders. The LEP experiment has also searched for the DM based on the mono-photon signature and obtained the result which is consistent with the prediction of the SM. We therefore use this result to put a constraint on our fermionic Z-portal WIMP as given in the following.
We use the data of the 650 pb −1 integrated luminosity collected by the Delphi collaboration during the running of 180-209 GeV [41] . We have generated the Monte-Carlo data of the mono-photon process, e − e + → χχγ s, by using the MadGraph [42] and PYTHIA8 [43] codes. The simplified detector modeling discussed in Ref. [44] was used to take the detector effect into account in the analysis. We compared the Monte-Carlo data (together with the SM background contribution) with the observed data of the single photon energy distribution, and set the upper limit on the Z-funnel WIMP signal at 90 % C.L. We have only included the statistical uncertainty and neglected the systematic uncertainty.
Constraints from LHC searches
At the LHC, the WIMP search has been performed through processes, where WIMPs are pair produced in association with the SM particles, like photons(γ), gluons (g), W ± , Z, h, quarks. These processes lead to large missing transverse energy in association with monophoton, jet(s), charged leptons signal at the detector. The theoretical formulation of the DM interaction with the SM sector is either based on the assumptions of effective field theory (EFT), where the WIMP interaction is determined by the Lorentz structure of the effective interaction which is parameterized in terms of the WIMP mass and the cut-off scale Λ which is the relevant scale of the process obtained after integrating out the heavy mediator particle. In another approach, the so-called simplified scenario, where the mass of the mediator particle is well within the kinematic reach of the LHC, where the WIMP interaction with the ordinary matter is determined in terms of the Lorentz structure, WIMP mass, mediator mass, mediator couplings with the WIMP (g χ ) and the standard model particles (g q ). At the LHC, while looking for the signature of the WIMPs it is generally assumed that the WIMP mass is relatively small compared to the mass of the mediator. The exclusion limit from null observation is usually given in terms of the mediator particle mass and WIMP mass assuming particular values of g χ and g q in a simplified model. This exclusion limit can be easily translated in the effective field theory scenario in terms of the WIMP mass and the cut-off scale. Latest constraints from Run-II of the LHC experiment at 13 TeV are given by the ATLAS collaboration from mono-photon search [45] and mono-jet searches [46] . A detailed likelihood analysis on the Z-portal DM model with a singlet Majorana DM including exclusion limits from LHC mono-photon and mono-jet searches has shown that only the new physics coupling greater than (1) is excluded at 95 % C.L. for the WIMP mass at the Z-funnel region [47] . However, this limit is less stringent than the previous LEP constraint and thus shall not be further discussed in our analysis.
Results
We will discuss the capability of the future lepton colliders to search for the the fermionic Zportal WIMP based on the result obtained in the previous section. We first discuss the beam bremsstrahlung and initial state radiation effects as well as the detector effect to make our analysis realistic to some extent. Then, we present the region which could be covered by the future lepton colliders through the mono-photon search and the precise measurement of the invisible Z boson decay width. These results are compared with constraints obtained by the LEP experiment and the direct DM detection at underground experiments.
Various effects on lepton collider experiments
Beam bremsstrahlung effect
When the electron and positron beams collide with each other, the energy distribution of each beam bunch is not monochromatic at the initial beam energy but described by the function having a long tail at the low energy region. This is because, when the electron and positron beams are closer, the beams come under the influence of the electromagnetic fields of each other and lose their energies through the bremsstrahlung process. We involve this beam bremsstrahlung effect using the formula developed in Refs. [48] [49] [50] . With x ≡ E/E in , the formula gives us the energy distribution function of the electrons and positrons as
where the distribution function is normalized to be with ν cl = 5α 2 Υ /(2 3 r e γ 0 ), Υ = 5r e γ 0 N /{6ασ z (σ x + σ y )} and κ = 2/(3Υ ). Here, α is the fine structure constant, r e 2.82 × 10 −15 m is the classical electron radius, γ 0 = E in /(m e c 2 ) with m e being the electron mass and N 2×10 10 is the total number of electrons/positrons in a bunch. Beams sizes are fixed to be σ x = 729 nm, σ y = 7.7 nm and σ z = 0.3 mm, respectively, referring to the values in the technical design report of the ILC experiment [3] . See also Ref. [50] for the concrete form of the function "h". For the case of CEPC experiment, we can ignore this effect, because the shape of the beam is enough broad.
Initial state radiation effect
Initial state radiation (ISR) is the effect that the incident electron and positron emit soft photons just before the scattering so that the beam energy (the collision energy, as a result) effectively diminishes. Among various methods to take the ISR effect into account, we adopt the one that was used for the mono-photon search at the LEP experiment [51] . Here, the ISR effect is involved through the function F (x) with x being x = E out /E in , and the function F (x) gives the energy (E out ) distribution of the electron or positron (that originally has the energy of E in ) after it experienced the ISR. Its explicit form is given by the formula:
where γ E 0.577 is the Euler constant, β = α [2 log(E in /m e ) − 1]/π and Γ (x) is the gamma function. We convolute the ISR effect with the beam bremsstrahlung effect to obtain the realistic collision energy used to produce a pair of WIMPs (with an energetic photon; E γ > 10 GeV and cos θ γ < 0.98).
Detector effect
An energetic photon produced by the signal or background process is detected at the electromagnetic calorimeter, in which the photon causes an electromagnetic shower, creating a cascade of electron-positron pairs and bremsstrahlung photons. The electrons and positrons lose energy through ionization and are eventually stopped. The calorimeter measures this energy loss, which enables us to measure the energy of the original photon. Since the measurement owes to the stochastic process, it associates with an uncertainty caused by the number fluctuation in the development of cascade showers. This effect emerges as the stochastic term in the resolution of the calorimeter, and it is proportional to the square root of the photon energy due to the property of the fluctuation. In addition, there is another term in the resolution called the constant term, which comes from the calibration.
The resolution of the electromagnetic calorimeter is therefore given by the form:
where E γ is the photon energy coming into the calorimeter, σ(E γ ) is the resolution of calorimeter which depends on E γ , 'a' is the stochastic term and 'b' is the constant term. At the ILC experiment, the values of the constants are expected to be a = 0.166 and b = 0.011 (in the unit of GeV) [52] . We adopt these values and take the detector effect into account in our analysis by smearing the energy of the photon at the final state.
Cross sections including all the effects
Differential cross sections, which are the same as those in Fig. 3 but involves all the beam bremsstrahlung, initial state radiation and detector effects, are shown in Fig, 5 . It is seen )/(2 s) is smeared due to the effects, while the cross section below the peak is enhanced. This is because the collision energy can be below s due to the beam bremsstrahlung and initial state radiation effects, and hence the on-shell Z boson production becomes possible by emitting a photon with an energy less than (s − m 
Capability of the future lepton colliders
Our results are summarized on the (m χ , g χχ Z )-plane in Fig. 6 . The present constraints at 90 % C.L. from the LEP experiments (invisible Z decay width search and mono-photon search), the relic abundance observation and the direct DM detection experiments of the WIMP assuming the cosmological scenario (iii) discussed in section 2.2 are shown as various shaded regions. On the other hand, the sensitivity of the future lepton colliders (ILC and CEPC), which is defined as the future expected constraint at 90 % C.L. if no WIMP signal is detected there, are shown as several broken lines: One named "CEPC (Inv. Z)" is from the invisible decay width search of the Z boson at the CEPC experiment (240 GeV & 5 ab −1 ; no polarization assumed), while the other named "CEPC (Mono-γ)" is from the mono-photon search at the same experiment. The line named "ILC (Mono-γ)" is from the mono-photon search at the ILC experiment (250 GeV & 2 ab −1 ; 1 ab −1 for each polarization), and that named "ILC (Mono-γ; Ideal case)" is from the same mono-photon search but assuming the optimized center-of-mass energy and polarization at each DM mass as discussed in section 3.1.2. #5#6 We only consider statistical errors and use the likelihood analysis discussed in section 3.1.2 to depict the sensitivity lines in Fig. 6 . #5 We note that, when the WIMP mass is less than 45 GeV, the optimized center-of-mass energy is shifted to a higher value than that shown in Fig. 4 due to beam and detector effects discussed in section 4.1. We have computed the optimized energy including the effects and used it to depict the sensitivity line. #6 The points on the sensitivity line cannot be simultaneously achieved, because each point corresponds to a data set with a different center-of-mass energy. Thus, it should be understood as the sensitivity that the ILC experiment ideally has when we have a hint of the DM mass at some other experiments (e.g. direct DM detection). It is also worth pointing out that, the instantaneous luminosity typically becomes lower for It can be seen in the figure that there is an uncharted parameter region where the future lepton colliders will play an important role to cover when we consider the cosmological scenario (iii). However, at the same time, it is also deduced that the same parameter region is already excluded by the present direct DM detection constraint when we consider other cosmological scenarios (i) and (ii). Here, it is worth pointing out that the entire parameter region of the Z-portal DM will be covered by future direct DM detection experiments even for the cosmological scenario (iii). Hence, once the DM signal is detected there, the scientific significance of the future lepton colliders will be significantly increased.
The sensitivity of the future lepton colliders in Fig. 6 is estimated including only statistical uncertainties. On the other hand, for more realistic estimate, we have to take into account systematic experimental uncertainties (δB). Since it is difficult to evaluate the systematic uncertainties rigorously before the experiments start, so we discuss its effect on the sensitivity of the future lepton colliders assuming δB =1 % and 0.1 %. In order to include the systematic uncertainty, we use an appropriate single energy bin to evaluate the likelihood, unlike the small binned analysis in section 3.1.2. This is because the systematic uncertainties may have a correlation between the bins. The target energy bin is selected so that the photon energy is in between 10 GeV to X GeV with the value of X being determined to maximize the significance at each DM mass. Then, the likelihood is defined by the following equation:
Here, N (X ) is the expected number of signal plus background events in between 10 GeV to X GeV, while δN BG (X ) concerns the systematic uncertainty, which will be estimated as a product of a given uncertainty (0.1 % or 1 %) and the number of background events.
The result is shown in Fig. 7 , where the sensitivity of the mono-photon search at the ILC experiment (250 GeV & 2 ab −1 ; 1 ab −1 for each polarization) with the systematic unlower center-of-mass energies at linear colliders, though the same integrated luminosity is assumed along the sensitivity line. Thus, the time needed for the data taking is different along the line. It should be also noted that circular colliders have greater luminosity as compared to linear ones at lower center-of-mass energies. certainties of 0 %, 0.1 % and 1 % is shown. #7 The sensitivity of the invisible decay width search of the Z boson at the CEPC experiment is also shown with the systematic uncertainty addressed in section 3.2. It is seen that the systematic uncertainty of (0.1) % is not very different from the one without the uncertainty, while the uncertainty of (1) % makes the sensitivity significantly worse. As a result, handling the uncertainty at the level of (0.1) % is mandatory to make the future lepton collider sensitive enough to search for the Z-portal DM.
Conclusions
We have presented the expected sensitivity of the Z-portal WIMP at the future linear colliders. We have adopted the effective operator method where the interaction between the singlet Majorana WIMP (χ) and the Z boson is mediated via the dimension-six operator (χγ µ γ 5 χ)(H † iD µ H)/2 + h.c. The final result of our analysis thus is parametrized by only two parameters, the WIMP mass (m χ ) and the effective WIMP-Z coupling (g χχ Z ).
The direct DM search experiments such as XENON1T and PICO-60 have already put severe limits on Z-portal WIMPs. However, the Z-funnel parameter region, m χ ∼ m Z /2, is still beyond the reach of these experiments. Through this work we discussed the possibility of probing the Z-funnel WIMP mass region (35-55 GeV) using the mono-photon plus missing energy signal at the future linear colliders (ILC & CEPC). We have done a comprehensive signal-background analysis of the mono-photon searches considering various collider effects, such as beam polarization, beam breamsstrahlung, initial-state-radiation and detector effects. While doing this analysis we have taken into account other important constraints on the parameters of this scenario coming from the mono-photon searches, Z-invisible width and EW precision measurement obtained from the LEP data.
For the mono-photon signal, the dominant irreducible background comes from neutrino pair production with additional photons due to initial state radiations. The primary distinction between the signal and the background can be made by observing the energy and #7 The reason why the sensitivity line with 0 % systematic uncertainty is different from the one in Fig. 6 is we use different likelihoods. The likelihood in eq. (17) with δN BG (X ) = 0 is less sensitive than that of Fig. 6 . angular distribution of the single photon. We have done a ∆χ 2 analysis to calculate the signal sensitivity over the background from the differential photon energy distribution. This has been done for three different choices of beam polarization. The optimized centre of mass of energy for the beams have been determined by the maximal ∆χ 2 value for each polarization. As expected, we have found that the right-handed beam polarization works better for WIMP masses greater than m Z /2 while the left-handed beam polarization yield better sensitivity for m χ < m Z /2. Further we showed that the inclusion of ISR effect, beam bremsstrahlung and the detector effect on the photon energy smears the peak structure of the energy distribution. Therefore, for the likelihood analysis, the numbers of the signal and background events for each particular bin of the photon energy differs and hence, these effects contribute to the final signal significance. We have done a complete analysis including these effects in calculating the future discovery reach of the lepton colliders.
We studied the prospects of the Z-funnel WIMP detection at the ILC and CEPC detectors by using the optimized beam energy and polarization obtained from the ∆χ 2 analysis. The 90 % C.L. limit is shown on the (m χ , g χχ Z )-plane for ILC at 250 GeV and 2 ab −1 luminosity and for CEPC at 240 GeV and 5 ab −1 luminosity. Furthermore, this limit is combined with the ones obtained from the Z-invisible width measurement, direct detection and relic abundance of the WIMP. Additionally, we have done a realistic estimation including the systematic uncertainties for the ILC beam. To do so, we re-estimate the ∆χ 2 with 0.1 % and 1 % systematic uncertainties. The collective 90 % C.L. bound for all the cases for a 250 GeV ILC beam with 0 %, 0.1 % and 1 % systematic uncertainties has also been presented. The analysis reveals that the detection of Z-portal fermionic WIMP around mass 45 GeV is possible at 90 % C.L. at the future lepton colliders. Therefore, this study can be regarded as an optimistic aspiration towards the WIMP detection in the near future.
